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ABSTRACT
In this paper, we prove existence and regularity results for solutions of some nonlinear Dirichlet
problems for an elliptic equation defined by a degenerate coercive operator and a singular right hand
side. 

−div(a(x, u,∇u)) =
f
uγ
in Ω
u > 0 in Ω
u = 0 on δΩ
(1)
whereΩ is bounded open subset of IRN (N ≥ 2), γ > 0 and f is a nonnegative function that belongs
to some Lebesgue space.
Keywords Degenerate elliptic equation, singular nonlinearity, existence, regularity, symmetrization, Sobolev spaces
1 Introduction
The aim of this work is the study of the following boundary value problem{
−div(a(x, u,∇u)) = fh(u) in Ω
u > 0 in Ω
u = 0 on δΩ
(2)
with Ω a bounded open subset of IRN , N ≥ 2, N > p > 1, f is non negative and it belongs to Lm(Ω) for some
m ≥ 1. Finally the singular sourcing h : (0,∞) −→ (0,∞) is continuous and bounded, such that the following
properties hold true ∃C, γ > 0 s.t h(s) ≤ C
sγ
∀s ∈ (0,+∞).
Let us give the precise assumptions on the problems that we will study. LetΩ be a bounded open subset of IRN ,N ≥ 2,
let N > p > 1 and let a : Ω × IR × IRN −→ IRN be carathéodory function (that is a(., t, ξ)is measurable on Ω for
every (t, ξ) in IR × IRN and a(x, ., .) is continuous on IR × IRN for almost every x in Ω), such that the flowing
assumptions hold :
a(x, t, ξ).ξ ≥ b(|t|)|ξ|p, (3)
for almost every x in Ω and for every (t, ξ)) in IR × IRN , where b : IR+ −→]0,∞[ is a decreasing continuous such
that its primitive
B(t) =
∫ t
0
b(s)
1
p−1 ds, (4)
is unbounded, for the sake of simplicity, we take in (3)
b(t) =
α
(1 + t)θ(p−1)
, (5)
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for some real number 0 ≤ θ ≤ 1 and some α > 0.
|a(x, t, ξ)| ≤ β
[
a0(x) + |t|
p−1 + |ξ|p−1
]
, (6)
for almost every x in Ω, for every (t, ξ) in IR × IRN , where a0 is non-negative function in L
p′(Ω), with 1
p
+ 1
p′
= 1
and β ≥ α, [
a(x, t, ξ)− a(x, t, ξ
′
)
]
(ξ − ξ
′
) > 0, (7)
for almost every x in Ω and for every t in IR, for every ξ,ξ
′
in IRN , with ξ 6= ξ
′
we will then define, for u inW 1,p0 (Ω)
the non linear elliptic operator
A(u) = −div(a(x, u,∇u)).
In the case of linear elliptic opertors a rich amount of research has been conducted to prove the existence of a solution
to the problem {
−∆u = fh(u) in Ω
u = 0 on δΩ
An existence result pertaining to the case h(s) = 1
sγ
with f being bounded away from the origin and sufficiently
regular possesses a unique solution by desingularizing the problem and then applying the sub and the super solution
method. Few generalizations to this result can be found in [1]. A weaker condition on the function f from Lm(Ω), for
m ≥ 1. In a study due to Boccardo at. [3], they have proved the existence and uniqueness of solutions to the problem

−∆u = f
uγ
in Ω
u > 0 in Ω
u = 0 on δΩ.
(8)
In [6, 14, 15] a nonlinear version of the above problem was studied, considering an operator as the p-laplacian
−div(|∇u|p−2∇u) instead of −∆u, the authors prove existence of and regularity results if f belong to Lm(Ω).
However, the authors analyse the following singular problem{
C(u) = −div(A(x)∇u) = g(x, u) in Ω
u = 0 on δΩ
(9)
with g(x, s) singular for s = 0, have been studied by various authors in the past.We refer in particular to the paper
by Crandall at. (see [7]) and to the one by Lazer at. (see [1]). In these last works, the authors have dealt with the
case g(x, s) = f(x)
uγ
, assuming that f is a continuous function. They proved existence and regularity results for the
solutions, using the method of subsolutions and supersolutions by means of a suitable power of the first eigenfunctions
of the Laplacian in Ω. The linear case, with g(x, u) = f(x)
uγ
, was then exhaustively studied by Boccardo at. (see[3]),
we refer to [5] also to the references to previous works in which problems of the form (9) have been examined.
The last works that were done in the presence of singular term,studied the existence and regularity when the operator
elliptic is linear or p-Laplacian does not depend on u. In our work we use the elliptic nonlinear operator depends on
u with the degenerate coercivity, the difficulty we face is to proved the existence, so that the standard Leary-Lions
Theorem cannot be applied. To overcome this problem, we need to approximate the problem (2), a suitable way
and using Shaulder’s fixed point theorem in order to prove the existence. Of course, once one approximates the
equation, both a priori estimates and asymptotic behavior (strong convergence in Sobolev spaces) of the sequence of
approximating solutions have to be proven in order to pass to the limit.
Definition 1. Let f be in Lm(Ω),m ≥ 1. A measurable function u is a solution of (2) in the sense of distributions if
u > 0 a.e in Ω, fh(u) ∈ L1(Ω) and if∫
Ω
a(x, u,∇u)∇ϕdx =
∫
Ω
fh(u)ϕdx, for every ϕ ∈ L∞(Ω) ∩W 1,p0 (Ω). (10)
Our first result is the following:
Theorem 1. Let f ∈ Lm(Ω) with m > N/p, assume that (3), (5), (6) and (7) hold true then, there exists a function
u ∈W 1,p0 (Ω) ∩ L
∞(Ω) solution of (2).
Theorem 2. Assume that (3), (5),(6),(7) and 0 < γ < θ(p− 1) + 1 hold true. Let f ∈ Lm(Ω) with
m1 =
(
p∗
θ(p− 1) + 1− γ
)′
=
Np
Np− (N − p)[θ(p− 1) + 1− γ]
≤ m < N/p, (11)
then, there exists at least one solutions u inW 1,p0 (Ω) ∩ L
r(Ω) of (2)
r =
Nm[(p− 1)(1− θ) + γ]
N − pm
. (12)
2
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Remark 1. If 0 < γ < θ(p − 1) + 1, we explicitly note that m = m1 ⇐⇒ r = p
∗, and If θ = 1, γ → 0, then
m1 → N/p, in this case. Observe that, for every 0 ≤ θ ≤ 1, we havem1 ≥ (p
∗)′ ⇒ f ∈ W−1,p
′
(Ω), it is classical
to expect aW 1,p0 (Ω) solution.
Theorem 3. Assume that (3), (5),(6),(7) and 0 < γ < θ(p− 1) + 1 hold true. Let f ∈ Lm(Ω) with
max(1,
N
(p− 1)[N(1− θ) + θ] + 1 + γ(N − 1)
) ≤ m < m1, (13)
then, there exists at least one solutions u inW 1,σ0 (Ω) ∩ L
r(Ω), that is
σ =
Nm[(p− 1)(1− θ) + γ)]
N −m((p− 1)θ + 1− γ)
. (14)
and
r =
Nm[(p− 1)(1− θ) + γ]
N − pm
. (15)
Remark 2. If γ → 0, the result of Theorem 2, Theorem 3 coincides with regularity results for elliptic equation with
coercivity (see([2],Theorem 1.3 and Theorem 1.7)).
Remark 3. If 0 < γ < θ(p− 1) + 1, under some condition on f , the summability of the solution to (1) is better than
or equal to that of solution to (2) in ([2],Theorem 1.7 and Theorem 1.9), since σ > q and r > s (see [2]).
Theorem 4.
i) Let us consider γ = θ(p− 1) + 1 and f ∈ L1(Ω) the solution u to (10)are uniformly bounded inW 1,p0 (Ω).
ii) Let γ > θ(p − 1) + 1 and f ∈ L1(Ω) then there exists u uniformly bounded in L
γ+(p−1)(1−θ)
p
p∗(Ω) to (2) in
the sense of (10), such that u
γ+(p−1)(1−θ)
p ∈ W 1,p0 (Ω).
The paper is organized as follows: in the next section we will recall some definitions and proprieties of rearrangements
that will play a role in our proofs, in the third section we will give a priori estimates for solutions of approximate
equation, while the fourth section will be devoted to the proof of the results.
2 Rearrangements and related properties
In this section we recall a few notions about rearrangements. LetΩ be an open bounded set of IRN . If u is a measurable
function in Ω, we define the distribution function µ of u as follows
µu(t) = | {x ∈ Ω : |u(x)| > t} |, t ≥ 0.
Where |E| denotes the Lebesgue measure of a measurable subset E of IRN . The function µ is decreasing and right-
continuous. The decreasing rearrangement of u is defined by
u∗(s) = inf (t ≥ 0 : µu(t) ≤ s) for s ∈ [0, |Ω|].
Recall that the following inequality
u∗(µu(t)) ≤ t,
holds for every t > 0 (see [8],[12]). We also have (see [13])
u∗(0) = ess sup|u|.
If f is any continuous increasing map from [0,∞] into [0,∞] such that f(0) = 0, then [13]∫
Ω
f(|u(x)|)dx =
∫ ∞
0
f(u∗(t))dt.
3 A priori estimates
Here we provide our a priori estimates for the approximate solutions to problem (1).
Approximating problems. Let n ∈ IN,{
−div (a(x, Tn(un),∇un)) = fnhn(un) in Ω
un = 0 on δΩ
(16)
3
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where fn = Tn(f). Moreover, defining h(0) := lims→0 h(s), we set
hn(s) =
{
Tn(h(s)) for s > 0,
min(n, h(0)) otherwise,
(17)
where Tn(h(un)) ≤
C
(|un|+
1
n
)γ
and Tn(s) = max{−n,min{n, s}}. The right hande side of (16) is non negative, that
un is nonnegative. Observe that we have "truncated" the degenerate coercivity of the operator term and the singularity
of the right hand side. The weak formulation of (16) is∫
Ω
a(x, Tn(un),∇un)∇ϕdx =
∫
Ω
fnhn(un)ϕdx∀ϕ ∈ L
∞(Ω) ∩W 1,p0 (Ω). (18)
Proposition 1. For each n ∈ N there exists un ∈W
1,p
0 (Ω) ∩ L
∞(Ω) weak solution of problem (16).
Proof. The proof is based on standard Schauder’s fixed point argument. Let n ∈ IN be fixed and v ∈ Lp(Ω) be fixed.
we know that the following non singular problem{
−div (a(x, Tn(w),∇w)) = fnhn(v) in Ω
w = 0 on δΩ
has a unique solution w ∈ W 1,p0 (Ω) ∩ L
∞(Ω) follows from the classical results (see [17] and [2]). In particular, it is
well defined a map
G : Lp(Ω)→ Lp(Ω),
where G(v) = w. Again,thanks to regularity of the datum hn(v)fn, we cane take w as test function and obtain∫
Ω
a(x, Tn(w),∇w)∇w =
∫
Ω
fnhn(v)w, (19)
then, it follows from (3)
α
∫
Ω
|∇w|p
(1 + n)θ(p−1)
dx ≤
∫
Ω
|∇w|p
(1 + |Tn(w)|)θ(p−1)
dx ≤ n2
∫
Ω
|w|dx
using the poincaré inequality we have∫
Ω
|∇w|p
(1 + n)θ(p−1)
dx ≤ c1n
2
∫
Ω
|∇w|dx,
by Hölder’s inequality on the right hand side, we obtain∫
Ω
|∇w|pdx ≤ c1(1 + n)
θ(p−1)n2
∫
Ω
|∇w|dx ≤ c(n)|Ω|
1
p
′
(∫
Ω
|∇w|pdx
) 1
p
we deduce ∫
Ω
|∇w|pdx ≤ c(n)p
′
|Ω|,
Using the Poincaré inequality on the left hand side
||w||Lp(Ω) ≤ c(n, |Ω|)(= c
p′
p (n)|Ω|
1
p ),
where c(n, |Ω|) is a positive constant independent form v and w, thus, we have that the ball B of Lp(Ω) of radius
c(n, |Ω|) is invariant for the map G.
Now we prove that the map G is continuous in B. Let us choose a sequence vk that converges strongly to v in L
p(Ω),
the by dominated convergence theorem
fnhn(vk)→ fnhn(v) in L
p(Ω),
then we need to prove that G(vk) converge to G(v) in L
p(Ω). By compactness we already know that the sequence
wk = G(vk) converge to some function w in L
p(Ω). We only need to prove that w = G(v). Firstly, we have the
datum fnhn(vk) are bounded, we have that wk ∈ L
∞(Ω) and there exists a positive constant d, independent of vk
and wk (but possibly depending on n ), such that ||wk||L∞(Ω) ≤ d.We know the sequencewk is bounded inW
1,p
0 (Ω).
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Hence, by uniqueness, one deduces that G(vk) converge to G(v) in L
p(Ω). Lastly we need to check that the set G(B)
is relatively compact, Let vk be a bounded sequence in B. and let wk = G(vk). we proved before that∫
Ω
|∇w|pdx =
∫
Ω
|∇G(v)|pdx ≤ c(n, |Ω|),
for any v ∈ Lp(Ω), then for v = vk we obtain∫
Ω
|∇wk|
pdx =
∫
Ω
|∇G(vk)|
pdx ≤ c(n, |Ω|),
so thatG(v) is relatively compact in Lp(Ω) by Rellich-kondrachov Theorem. We can then apply Schauder fixed point
theorem there exist a fixed point of the map G, say un will exist in B such that G(un) = un and we will have that
un ∈W
1,p
0 (Ω) ∩ L
∞(Ω) is solution of problem (16).
Theorem 5. Let f be in Lm(Ω) with m > N/p, 0 ≤ θ ≤ 1 and let un be solution of (16). Then the norm of un in
L∞(Ω). Indeed, we have
‖un‖L∞(Ω) < B
−1

C 1p−1 |Ω|P
′
N
− p
′
pm
(NC
1
N
N )
p
′
Nm(p− 1)
pm−N
‖f‖
p
′
p
Lm(Ω)

 , (20)
where B−1 denotes the inverse function of B. Furthermore, the norm of un in W
1,p
0 (Ω) is bounded by a constant
continuously depending on the norm of f in (Lm(Ω))N .
Proof. For ε > 0 and t > 1, we use in the formulation (18). Let the test function v = Tε(Gt(un)) where {t < |un| <
t+ ε} denotes the test set
{x ∈ Ω : t < |un(x)| < t+ ε} Assumption (3) yields
α
∫
{t<|un|<t+ε}
|∇un|
p
(1 + |un|)θ(p−1)
dx ≤ ǫ
∫
{t<|un(x)|}
fnhn(un)dx
≤ ε sup
un∈[t,+∞]
(hn(un))
∫
t<|un(x)|
fndx
≤ ǫ sup
un∈[t,+∞]
(
C
(|un(x)|+
1
n
)γ
)∫
{t<|un(x)|}
fdx,
in the set {t < |un(x)|}, we have that |un(x)| +
1
n
> t > 1 and dividing both sides by ε we get
α
ε
∫
{t<|un(x)|<t+ε}
|∇un|
p
(1 + |un|)θ(p−1)
dx ≤ C
∫
t<|un(x)|
fdx.
The above inequality and Hölder’s inequality(
α
ε
∫
{t<|un(x)|<t+ε}
|∇un|
(1 + |un|)θ(p−1)
dx
)p
≤ C
(
α
ε
∫
{t<|un(x)|<t+ε}
1
(1 + |un|)θ(p−1)
dx
)p−1 ∫
{t<|un(x)|}
fdx. (21)
We can pass to the limit as ε goes to 0+ in (35) to get, after simplification
α
(1 + t)θ(p−1)
(
d
dt
∫
|un|≤t
|∇un|dx
)p
≤ C(−µ′un(t))
p−1
(∫ τ
0
|f∗n(τ)|dτ
)
. (22)
On the other hand, from Fleming-Rishel Coera Formula and isoperimetric inequality we have for almost every t > 0
NC
1
N
N (µun(t))
N−1
N ≤
d
dt
∫
|un|≤t
|∇un|dx, (23)
5
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where CN is the measure of the unit ball in IR
N . Using the Hölder’s inequality we obtain that for almost every t > 0,
then (22) and (23) give
α
1
p−1
(1 + t)θ
≤
(−µ′un(t))C
1
p−1(
NC
1
N
N (µun(t))
1− 1
N
)p′
(∫ µun (t)
0
f∗(τ)dτ
) p′
p
. (24)
Using the properties of rearrangements one easily obtains
−d
dσ
B(u∗n(σ)) ≤
C
1
p−1(
NC
C
N
N (σ)
1− 1
N
)p′
(∫ σ
0
f∗(τ)dτ
) 1
p−1
. (25)
If integrate (25) between σ and |Ω|, we have
B(u∗n(σ)) ≤
C
1
p−1(
NC
1
N
N
)p′
∫ |Ω|
σ
(∫ ρ
0
f∗(τ)dτ
) p′
p dρ
ρp
′ (1− 1
N
)
.
Immediately we get(34) by evaluating B(u∗n(0)). Let us denote in what by c∞ the constant on the right in (34), that is
||un||∞ ≤ c∞, (26)
it is easy to get an estimation inW 1,p0 (Ω). Taking un as test function in formulation (10) then using (3),(25) and Höder
inequality, we get
bp(c∞)
∫
Ω
|∇un|
pdx ≤
∫
Ω
fu1−γn dx ≤ ||u
1−γ
n ||L∞(Ω)
∫
Ω
fdx ≤ c∞
∫
Ω
fdx
≤ c∞|Ω|
1− 1
m ||f ||Lm(Ω),
then ∫
Ω
|∇un|
pdx ≤
c∞|Ω|
1− 1
m
bp(c∞)
||f ||Lm(Ω). (27)
Theorem 6. On suppose that 0 < γ < θ(p− 1) + 1 and
Np
Np− (N − p)[θ(p− 1) + 1− γ]
≤ m < N/p,
let
r =
Nm[(p− 1)(1− θ) + γ]
N − pm
.
Then, the solution un to (18) are uniformly bounded in L
r(Ω) ∩W 1,p0 (Ω).
Proof. Let us choose (1 + un)
ν − 1 as a test function by the hypotheses on a, one has
ν
(
p
(p− 1)(1− θ) + ν
)p ∫
Ω
∣∣∇[(1 + un)−θ(p−1)+ν+p−1p − 1]∣∣p dx
= ν
∫
Ω
|∇un|
p
(1 + un)θ(p−1)−ν+1
dx ≤ ν
∫
Ω
|∇un|
p
(1 + Tn(un))θ(p−1)
(1 + un)
ν−1dx
≤
∫
Ω
Tn(f)
(un +
1
n
)γ
(
(un + 1)
ν − 1
)
dx ≤ C + C
∫
Ω
|f |
(un + 1)−ν+γ
dx. (28)
By Sobolev’s inequality on the left hand side and Hõlder’s inequality on the right one we have(∫
Ω
(
(1 + un)
−θ(p−1)+ν+p−1
p − 1
)p∗
dx
) p
p∗
≤ C||f ||Lm(Ω)
(∫
Ω
(un + 1)
m′(ν−γ)dx
) 1
m′
. (29)
6
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Let ν be such that
−θ(p− 1) + ν + p− 1
N − p
N = (
ν − γ
m− 1
)m
and p
p∗
> 1
m′
, that is
ν =
N(m− 1)(1− θ)(p− 1) + γm(N − p)
N − pm
andm < N
p
, we observe that
p∗
p
(−θ(p− 1) + ν + p− 1) =
mN
N − pm
[(p− 1)(1− θ) + γ] = r > 1
This implies that un is bounded in L
r(Ω).
By (28), (29) and µ ≥ 1 + θ(p− 1)
(
⇔ Np
Np−(N−p)[θ(p−1)+1−γ] ≤ m
)
, we get∫
Ω
|∇un|
pdx ≤
∫
Ω
|∇un|
p
(1 + un)θ(p−1)−ν+1
dx ≤ C||f ||Lm
∫
Ω
|un|
rdx ≤ Cst.
Theorem 7. On suppose that 0 < γ < θ(p − 1) + 1 and (13) holds true. Let σ be as in (14) then the solution un to
(18) are uniformly bounded inW 1,σ0 (Ω) ∩ L
r(Ω).
Proof. Let us choose (1 + un)
λ − 1 with λ = N(m−1)(1−θ)(p−1)+γm(N−p)
N−pm as a test function in (18) with the summer
arguments as before we have(∫
Ω
[(1 + un)
−θ(p−1)+λ+p−1
p − 1]p
∗
dx
) p
p∗
≤ C
∫
Ω
|∇un|
p
(1 + un)θ(p−1)−λ+1
dx
≤ C||f ||Lm(Ω)
(∫
Ω
(1 + un)
m′(λ−γ)dx
) 1
m′
.
As above, we infer that un is bounded in L
N((p−1)(1−θ)+λ)
N−p (Ω). We observe that θ(p − 1) − λ + 1 > 0 and 1 < σ =
Nm[(p−1)(1−θ)+γ]
N−m(θ(p−1)+1−γ) , by the assumptions onm, writing∫
Ω
|∇un|
σdx =
∫
Ω
|∇un|
σ
(1 + un)
θ(p−1)−λ+1
p
(1 + un)
θ(p−1)−λ+1
p dx
and using Hölder’s inequality with exponent p
σ
, we obtain∫
Ω
|∇un|
σdx ≤
[∫
Ω
|∇un|
σ
(1 + un)θ(p−1)−λ+1
dx
] σ
p
[∫
Ω
(1 + un)
σ
θ(p−1)−λ+1
p−σ dx
] p−σ
p
.
The above estimates imply that the sequences un is bounded inW
1,σ
0 (Ω) if
σ
θ(p− 1)− λ+ 1
p− 1
=
N [(p− 1)(1− θ) + λ]
N − p
,
that is
σ =
Nm[(p− 1)(1− θ) + γ]
N −m[θ(p− 1) + 1− γ]
.
By virtue of λ < 1 + θ(p− 1) or σ < p, therefore we havem < Np/[Np− (N − p)(θ(p− 1) + 1− γ)].
Lemma 1. Assume that γ = θ(p− 1) + 1 and f ∈ L1(Ω) the solution un to (16) are uniformly bounded inW
1,p
0 (Ω).
Proof. Let us choose (1 + un)
θ(p−1)+1 − 1 as a test function in (18) we have
θ(p− 1)
∫
Ω
|∇un|
p
(1 + Tn(un))θ(p−1)
(1 + un)
θ(p−1)dx ≤ C
∫
Ω
fdx.
The previous estimate implies the sequence un is bounded inW
1,p
0 (Ω).
7
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Lemma 2. Assume that γ > θ(p− 1) + 1 and f ∈ L1(Ω) then the solution un to (16) are such that u
γ+(p−1)(1−θ)
p
n is
uniformly bounded inW 1,p0 (Ω), un uniformly bounded in L
γ+(p−1)(1−θ)
p
p∗(Ω).
Proof. If we choose uγn as test function and use the hypotheses on a we get
αγ
(
p
γ + (p− 1)(1− θ)
)p ∫
Ω
|∇u
γ+(p−1)(1−θ)
p
n |
pdx
= αγ
∫
Ω
|∇un|
puγ−1−θ(p−1)n dx ≤
∫
Ω
fdx.
This prove that the sequence u
γ+(p−1)(1−θ)
p
n is bounded inW
1,p
0 (Ω). Sobolev’s inequality an the left hand side applied
to u
γ+(p−1)(1−θ)
p
n gives ∫
Ω
u
γ+(p−1)(1−θ)
p
p∗
n dx ≤ C.
4 Proof of the results
In this section we are going to combine the results of section 2 and 3 in order to prove Theorem 1, Theorem 2 and
Theorem 3.
Proof of Theorem 1.
Step 1: We prove that
lim
n→+∞
∫
Ω
hn(un)fnϕdx =
∫
h(u)fϕdx, (30)
for all non negative ϕ ∈ W 1,p0 (Ω) ∩ L
∞(Ω). First we observe that from the Young inequality and the hypotheses in
(6), one gets ∫
Ω
hn(un)fnϕ =
∫
Ω
a(x, Tn(un),∇un)∇ϕdx ≤
∫
Ω
a0(x)∇ϕdx
+
∫
Ω
|un|
p−1∇ϕdx +
∫
Ω
|∇un|
p−1∇ϕdx ≤
∫
Ω
a0(x)∇ϕdx +
p− 1
p
∫
Ω
|un|
p
+
1
p
∫
Ω
|∇ϕ|pdx +
p− 1
p
∫
Ω
|∇un|
pdx+
1
p
∫
Ω
|∇ϕ|pdx ≤
1
p′
∫
Ω
a0(x)
p
′
dx+
1
p
∫
Ω
|∇ϕ|pdx+
p− 1
p
∫
Ω
|un|
p +
1
p
∫
Ω
|∇ϕ|pdx+
p− 1
p
∫
Ω
|∇un|
pdx
+
1
p
∫
Ω
|∇ϕ|pdx ≤ c+ c
[∫
Ω
|∇ϕ|pdx+
∫
Ω
|un|
pdx+
∫
Ω
|∇un|
pdx
]
,
then ∫
Ω
hn(un)fnϕ ≤ c+ c[||ϕ||W 1,p0 (Ω)
+ ||un||W 1,p0 (Ω)
]. (31)
From now we consider a non negative ϕ ∈ W 1,p0 (Ω) ∩ L
∞(Ω). An application of the Fatou Lemma in (31) with
respect to n gives ∫
Ω
h(u)fϕ ≤ c, (32)
where c does not depend on n. Hence fh(u)ϕ ∈ L1(Ω) for any non negative ϕ ∈ W 1,p0 (Ω) ∩ L
∞(Ω). As a
consequence, if h(s) is unbounded as s tends to 0, we deduce that
{u = 0} ⊂ {f = 0}, (33)
up to a set of zero Lebesgue measure.
From now on, we assume that h(s) is unbounded as s tends to 0. Letϕ be a non negative function inW 1,p0 (Ω)∩L
∞(Ω),
choosing it as test function in the weak formulation of (16), we have∫
Ω
a(x, Tn(un),∇un)∇ϕdx =
∫
Ω
fnhn(un)ϕdx. (34)
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We want to pass to the limit in the right hand side of (34) as n tends to infinity. we fix δ > 0, and we decompose the
right hand side in the following way∫
Ω
hn(un)fnϕdx =
∫
un≤δ
hn(un)fnϕdx +
∫
un>δ
hn(un)fnϕdx. (35)
Therefore we have, thanks to Lemma1.1 contained in [18], that Vδ(un) belongs toW
1,p
0 (Ω), where Vδ is defined by
Vδ(s) =


1 s ≤ δ
2δ−s
δ
δ < s < 2δ,
0 s ≥ 2δ.
(36)
So we take it is test function in the weak formulation of (16), using (36), (3) and (6) we obtain∫
{un≤δ}
hn(un)fnϕdx ≤
∫
Ω
hn(un)fnVδ(un)ϕdx
=
∫
Ω
a(x, Tn(un),∇un)∇ϕVδ(un)dx −
1
δ
∫
{δ<un<2δ}
a(x, Tn(un),∇un)ϕ∇undx,
by using (3) and (6), we have∫
{un≤δ}
hn(un)fnϕdx ≤ β
∫
Ω
[
a0(x) + |un|
p−1 + |∇un|
p−1
]
∇ϕVδ(un)dx
−
1
δ(n+ 1)θ(p−1)
∫
{δ<un<2δ}
|∇un|
pϕdx
≤ β
∫
Ω
[
a0(x) + |un|
p−1 + |∇un|
p−1
]
∇ϕVδ(un)dx.
Using that Vδ is bounded we deduce that |∇un|
p−1∇ϕVδ(un) converges to |∇u|
p−1∇ϕVδ(u) weakly in L
p′(Ω)N as
n tends to infinity. This implies that
lim
n→+∞
∫
{un≤δ}
hn(un)fnϕdx ≤ β
∫
Ω
[
a0(x) + |u|
p−1 + |∇u|p−1
]
∇ϕVδ(u)dx. (37)
Since Vδ(u) converges to χ{u=0} a.e in Ω as δ tends to 0 and since u ∈ W
1,p
0 (Ω), then
[
a0(x) + |u|
p−1 +
|∇u|p−1
]
∇ϕVδ(u) converges to 0 a.e. in Ω as δ tends to 0. Applying the Lebesgue Theorem on the right hand
side of (37) we obtain that
lim
δ→0+
lim
n→+∞
∫
{un≤δ}
hn(un)fnϕdx = 0. (38)
As regards the second term in the right hand side of (35) we have
0 ≤ hn(un)fnϕχ{un>δ} ≤ sup
s∈]δ,∞)
[h(s)]fϕ ∈ L1(Ω), (39)
we remark that we need to choose δ 6= {η; |u = η| > 0}, which is at most a countable set. As a conse-
quenceχ{un>δ} converges to χ{u>δ} a.e inΩ, we deduce first that hn(un)fnχ{un>δ}ϕ converges to h(u)fχ{u>δ}ϕ
strongly in L1(Ω) as n tends to infinity, then, since h(u)fχ{u>δ}ϕ belongs to L
1(Ω), that fh(u)χ{u>δ}ϕ converges
to fh(u)χ{u>0}ϕ strongly in L
1(Ω) as δ tend to 0.
and then, once again by the Lebesgue Theorem, one gets
lim
δ→0+
lim
n→+∞
∫
{un>δ}
hn(un)fnϕdx =
∫
{u>0}
h(u)fϕdx. (40)
By (40) and (38), we deduce that
lim
n→+∞
∫
Ω
hn(un)fnϕdx =
∫
Ω
h(u)fϕdx ∀0 ≤ ϕ ∈W 1,p0 (Ω) ∩ L
∞(Ω). (41)
Moreover, decomposing any ϕ = ϕ+ − ϕ−, and using that (41) is linear in ϕ, we deduce that (41) holds for every
ϕ ∈ W 1,p0 (Ω)∩L
∞(Ω). We treated h(s) unbounded as s tends to 0, as regards bounded function h the proof is easier
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and only difference deals with the passage to the limit in the left hand side of (41). We can avoid introducing δ and we
can substitute (39) with
0 ≤ fnhn(un)ϕ ≤ f ||h||L∞(Ω)ϕ.
Using the same argument above we have that fnhn(u)ϕ converges to fh(u)ϕ strongly in L
1(Ω) as n tends to infinity.
This concludes (30).
Step 2: Thanks to (27), the sequence un is bounded in W
1,p
0 (Ω). Therefore, there exist a subsequence of un still
denoted by un, and a measurable function u such that
un ⇀ u weakly in W
1,p
0 (Ω) and a.e in Ω. (42)
We shall prove that
un −→ u strongly in W
1,p
0 (Ω). (43)
We take un − u test function in the weak formulation of (18), we obtain for n > c∞∫
Ω
a(x, un,∇un)∇(un − u)dx =
∫
Ω
fnhn(un)(un − u)dx, (44)
the right hand side tends to zero when n tends to infinity. On the other hand we write∫
Ω
a(x, un,∇un)− a(x, un,∇u)∇(un − u)
=
∫
Ω
a(x, un,∇un)∇(un − u)dx−
∫
Ω
a(x, un,∇u)∇(un − u), (45)
by (19) one has
lim
n→+∞
∫
Ω
a(x, un,∇un)∇(un − u)dx = 0,
As regards the second term on the right in (45) and see step 1 in the proof of Theorem 1, using (6) and Vitali’s Theorem
we obtain that
a(x, un,∇u) −→ a(x, u,∇u) strongly in (L
p′(Ω))N .
Therefore, we obtain
lim
n→+∞
∫
Ω
(a(x, un,∇un)− a(x, un,∇u))∇(un − u)dx = 0, (46)
thanks to (7), the integrand function in the left hand side in (46) is non negative, therefore
(a(x, un,∇un)− a(x, un,∇u))∇(un − u) −→ 0 strongly in L
1(Ω).
Thus, up a subsequence still indexed by un, one has
a((x, un,∇un)− a(x, un,∇u))∇(un − u) −→ 0,
for almost every x in Ω, there exists a subset Z of Ω zero measure, such that for all x in Ω\Z we have
Dn(x) = (a(x, un(x),∇un(x)) − a(x, un(x),∇u(x)∇(un − u)(x))) −→ 0 (47)
|u(x)| <∞,|∇u(x)| <∞,|a0(x)| <∞ and un(x) −→ u(x), then by the growth condition (6),(3) and ||un||∞ ≤ c
Dn(x) ≥
1
(1 + c)θ(p−1)
|∇un(x)|
p−1 − c(x)
(
1 + |∇un(x)| + |∇un(x)|
p−1
)
,
where c(x) is a constant depends on x but does not depend on n, which schows thanks to (47), that the sequence
|∇un(x)| is unformly bounded in R
N , with respect to n, we argue simililary as in Lemma 5 in [10], to obtain (43).
We can now pass to the limit going back to the equation (18), to do this, let ϕ ∈W 1,p0 (Ω)∩L
∞(Ω). For every n > c∞
one has ∫
Ω
a(x, un,∇un)∇ϕdx =
∫
Ω
hn(un)fnϕdx, (48)
by (43), we have∇un −→ ∇u strongly in (L
p(Ω))N and a.e in Ω, so that Vitali’s Theorem implies that
a(x, un,∇un) −→ a(x, u,∇u) strongly in L
p′(Ω)N .
Then, passing to the limit in (48) and using the result in the Step 1, we obtain∫
Ω
a(x, u,∇u)∇ϕdx =
∫
Ω
fh(u)ϕdx,
for all ϕ inW 1,p0 (Ω) ∩ L
∞(Ω), moreover, from (26) we have
u ∈W 1,p0 (Ω) ∩ L
∞(Ω).
10
Degenerate elliptic problem with a singular nonlinearity A PREPRINT
Proof of Theorems 2 and 3. Because the proofs of Theorems 3 are similar to that of Theorem 2 , we restrict to the
proof of Theorem 2
Proof of Theorems 2. As consequence of Theorem 6 there exist a subsequence, still indexed by n, and a measurable
function u inW 1,p0 (Ω) ∩ L
r(Ω) such that un converges weakly to u.Moreover, by Rellich Theorem we have
un −→ u a.e in Ω. (49)
Fix k > 0, we will prove that
Tk(un) −→ Tk(u) strongly in W
1,p
0 (Ω). (50)
By Theorem 6, the sequence Tk(un) is bounded inW
1,p
0 (Ω). Therefore, by (49) we get
Tk(u) ⇀ Tk(u) weakly in W
1,p
0 (Ω). (51)
Using Tk(un)− Tk(u), which belongs toW
1,p
0 (Ω), as test function in formulation (48), we get∫
Ω
a(x, Tn(un),∇un)∇(Tk(un)− Tk(u))dx =
∫
Ω
hn(un)fn(Tk(un)− Tk(u))dx.
Thanks to (51) and (41), we have
lim
n→+∞
∫
Ω
a(x, Tn(un),∇un)∇(Tk(un)− Tk(u))dx = 0. (52)
By the growth condition (6) and Theorem 6, the sequence a(x, Tn(un),∇un) is bounded in L
p′(Ω)N . Then, it
converges weakly to some l in Lp
′
(Ω)N and we obtain
lim
n→+∞
∫
|un|≥k
a(x, Tn(un),∇un)∇Tk(u)dx =
∫
|u|≥k
l∇Tk(u)dx = 0. (53)
The continuity of the function a, (49) and Vitali’s theorem allow us to have
a(x, Tn(un),∇Tk(u)) −→ a(x, u,∇Tk(u)) strongly in L
p
′
(Ω)N .
Therefore, by Theorem 6 and (51) we get
lim
n→+∞
∫
Ω
a(x, Tn(un),∇Tk(un))∇(Tk(un)− Tk(u))dx = 0. (54)
On the other hand, we write for n > k∫
Ω
(a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u)))∇(Tk(un)− Tk(u))dx
=
∫
Ω
(a(x, Tk(un),∇Tk(un))∇(Tk(un)− Tk(u))dx
−
∫
Ω
(a(x, Tk(un),∇Tk(u))∇(Tk(un)− Tk(u))dx
=
∫
|un|<k
(a(x, Tn(un),∇un)∇(Tk(un)− Tk(u))dx
−
∫
Ω
(a(x, Tk(un),∇Tk(u))∇(Tk(un)− Tk(u))dx
=
∫
Ω
(a(x, Tn(un),∇un)∇(Tk(un)− Tk(u))dx
−
∫
|un|≥k
(a(x, Tn(un),∇un)∇(Tk(un)− Tk(u))dx
−
∫
Ω
(a(x, Tk(un),∇Tk(u))∇(Tk(un)− Tk(u))dx.
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Observing that∇Tk(un) = 0 on the set |un| ≥ k, we get∫
Ω
(a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u)))∇(Tk(un)− Tk(u))dx
=
∫
Ω
(a(x, Tn(un),∇un)∇(Tk(un)− Tk(u))dx
+
∫
|un|≥k
(a(x, Tn(un),∇un)∇(Tk(u))dx
−
∫
Ω
(a(x, Tk(un),∇Tk(u))∇(Tk(un)− Tk(u))dx.
Thus,it follows from (52),(53) and (54) that∫
Ω
(a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u)))∇(Tk(un)− Tk(u))dx→ 0.
when n tends to+∞.By Lemma 5 of [10], we obtain (50). The strong convergence (50) implies, for some subsequence
still indexed by n, that
∇un −→ ∇u a.e .in Ω,
which yields , since (a(x, Tn(un),∇un) is bounded in L
p′(Ω)N , that
(a(x, Tn(un),∇un) ⇀ a(x, u,∇u) weakly in L
p′(Ω)N .
Therefore ,passing to the limit in (48) we obtain (10).
Proof of Theorems 4. By Lemma 1 and Lemma 2 the sequence un is uniformly bounded in W
1,p
0 (Ω). Therefore we
can obtain a solution passing to the limit, namely arguing exactly as in Theorem 2.
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